The densest local packing (DLP) problem in d-dimensional Euclidean space R d involves the placement of N nonoverlapping spheres of unit diameter near an additional fixed unit-diameter sphere such that the greatest distance from the center of the fixed sphere to the centers of any of the N surrounding spheres is minimized. Solutions to the DLP problem are relevant to the realizability of pair correlation functions for sphere packings and might prove useful in improving upon the best known upper bounds on the maximum packing fraction of sphere packings in dimensions greater than three. The optimal spherical code problem in R d involves the placement of the centers of N nonoverlapping spheres of unit diameter onto the surface of a sphere of radius R such that R is minimized. It is proved that in any dimension, all solutions between unity and the golden ratio τ to the optimal spherical code problem for N spheres are also solutions to the corresponding DLP problem. It follows that for any packing of nonoverlapping spheres of unit diameter, a spherical region of radius less than or equal to τ centered on an arbitrary sphere center cannot enclose a number of sphere centers greater than one more than the number that can be placed on the region's surface. 
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I. INTRODUCTION
The densest local packing (DLP) problem in R d seeks an arrangement of N spheres of unit diameter near (local to) an additional fixed central sphere such that the greatest radius R between the centers of the surrounding N spheres and the center of the central sphere is minimized. For an optimal configuration of N spheres, i.e., a configuration for which R is minimized, we call the minimized greatest radius R The kissing number problem in R d seeks the maximum number K d of nonover-lapping spheres that may simultaneously be in contact with a (additional)
sphere; 1 it is a special case of the DLP problem in that K d is equal to the greatest N for which R Z min (N ) = 1. The DLP problem can also be said to encompass the sphere packing problem in that in the limit as N → ∞, optimal sphere packings and optimal DLP packings are equivalent.
The maximum possible N with R = R For a packing that is also statistically isotropic, Z(R) can be related to the pair correlation function g 2 (r), a function proportional to the probability density of finding a separation r between any two points and normalized such that it takes the value of unity when no spatial correlations are present, by
where ρ is the constant number density of points and s 1 (r) is the surface area of a sphere of radius r in d dimensions,
The optimal spherical code (OSC) and DLP problems are similar. A spherical code is defined for parameters 
II. THE DENSEST LOCAL PACKING PROBLEM AND REALIZABILITY
Only functions obeying certain necessary conditions known as realizability conditions can be correlation functions of point processes in R d . [4] [5] [6] Two realizability conditions on the pair correlation function g 2 (r) are the nonnegativity of g 2 (r) and its corresponding structure factor S(k) at all points r and k. 5 These two conditions appear to be strong conditions for the realizability of sphere packings (point processes in which the minimum pair separation distance is unity), especially as the space dimension increases. Further solutions to the DLP problem provide additional realizability con-ditions that might be employed to improve upon the upper bounds on infinite sphere packings in dimensions greater than three. For a statistically homogeneous and isotropic packing of spheres, these additional conditions may be written as
where the function Z max (R) is defined in R d as the maximum number of sphere centers that fit within distance R from a central sphere center. 13 It is clear that
is completely defined by the solutions to the densest local packing problem at all N .
In the following section, we show that any configuration of N d-dimensional spheres near a (additional) sphere fixed at the origin, with the greatest of the N distances from the origin to the N sphere centers equal to R ≤ τ = (1 + √ 5)/2 ≈ 1.618034 the golden ratio, may be transformed to a spherical code in the sense of nonoverlapping spheres, also of radius R. As this statement is applicable to any configuration of N spheres that is a solution to the DLP problem with R ≤ τ , it follows that any optimal spherical code with radius R S min (N ) ≤ τ is also an optimal configuration for the corresponding DLP problem, with R 
III. TRANSLATING UNIT-DIAMETER SPHERES TO THE SURFACE AT RADIUS R ≤ τ
The key idea behind the proof of the above statement involves translating sphere centers radially outward to a spherical surface of radius R. The idea of radially translating points to a spherical surface has been employed by Melissen formed between the two centers at the origin, taken such that 0 ≤ θ ≤ π, is
For nonoverlapping spheres of unit diameter, a ≥ 1, and
where the equality holds when the two spheres are in contact.
Over the range b ≥ 1, c ≥ 1, the function cos θ in Eq. (5) is convex individually in both b and c. This implies that cos θ must be at a maximum at one of the corners of the square 1 ≤ b ≤ R, 1 ≤ c ≤ R. If R > τ , the point (1, R) (or equivalently (R, 1)) yields the maximum, whereas for R < τ , the point (R, R)
yields the maximum, with (1, R) and (R, R) both yielding the maximum at R = τ .
It follows directly that for R ≤ τ , the minimum possible angle at the origin between any two of the centers of N spheres that are an element of A N (R) is the angle present when two of the centers are placed at distance R from the origin and distance unity from one another. An outward radial translation of one or both of any pair of centers to distance R will therefore yield no overlap between the two spheres, as the angle between the centers must be greater than or equal to the angle present when two spheres are in contact with one another with centers at distance R from the origin. As this holds for any pair of the N sphere centers, all centers at a distance less than R, R ≤ τ , may be translated radially outward to distance R without any resulting overlap. 
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